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Σ12 AND Π
1
1 MAD FAMILIES
ASGER TO¨RNQUIST
Abstract. We answer in the affirmative the following question of Jo¨rg Brendle: If
there is a Σ1
2
mad family, is there then a Π1
1
mad family?
Jo¨rg Brendle asked his question about Σ12 and Π
1
1 mad families in his talk (see
[3]) at the Set Theory meeting at Oberwolfach in January, 2011. The question
was motivated by the recent body of work on the structure of definable mad
families by an array of authors, including Fischer, Friedman and Zdomskyy [4, 2],
as well as Brendle and Khomskii, [1], who have later used the solution given below
in their work.
Theorem 1. If there is a Σ12(a) mad family then there is a Π
1
1(a) mad family.
Proof. The proof is short and simple. For x ∈ [ω]ω, let xn denote the (n+1)st
element of x. We define two functions gi : ([ω]
ω)2 → P(3 × ω), i ∈ {0, 1}, as
follows:
g0(x, y) = {0} × x ∪ {2} × {xn : n ∈ y},
g1(x, y) = {1} × x ∪ {2} × {xn : n /∈ y}.
Now let A0 ⊆ [ω]
ω be a Σ12 mad family, and let F0 ⊆ ([ω]
ω)2 be Π11 such that
projF0 = A0. By uniformization, we may assume that F0 is the graph of a
partial function. Define
A = g0(F0) ∪ g1(F0).
It is clear that A is an almost disjoint family of subsets of 3×ω. Further, A is a
mad family. To see this, let pi : 3 × ω → ω be the projection map, i ∈ {0, 1, 2}.
If z ⊆ 3 × ω is an infinite set then there is i ∈ 3 such that pi(z) is infinite. Let
x ∈ A0 be such that pi(z)∩x is infinite, and let y ∈ [ω]
ω be such that (x, y) ∈ F0.
If i ∈ {0, 1} we have |z ∩ gi(x, y)| = ℵ0. If i = 2 then p2(g0(x, y) ∪ g1(x, y)) = x,
and so we must have that either |p2(g0(x, y))∩ z| = ℵ0 or |p2(g1(x, y))∩ z| = ℵ0.
We claim that A is Π11. To see this, let z ∈ A, and assume that there is
(x, y) ∈ F0 such that g0(x, y) = z. Note that p0(z) = x, and that from p2(z) and
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p0(z) we clearly can recover y (by using the inverse of the function n 7→ xn) in
a recursive way. A similar argument applies when z = g1(x, y). Thus
z ∈ A ⇐⇒ (∃x, y ∈ ∆11(z))(F0(x, y) ∧ g0(x, y) = z) ∨ F0(x, y) ∧ g1(x, y) = z),
which is a Π11 definition of A by the Spector-Gandy theorem (see e.g. [5, Corol-
lary 4.19]).
Since the above proof clearly relativizes to a parameter a, we are done. ⊣
Remark 1. In [6], Arnold Miller proved, using a coding argument, that if V =
L then there is a Π11 mad family. Since it is routine to check that V = L implies
the existence of a Σ12 mad family, the above also provides a different proof of
Miller’s theorem.
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